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Pairs of elliptic curves with 22 common projective torsion points
Hang Fu
Abstract. For i = 1, 2, let Ei be an elliptic curve defined over Q, Ei[∞] the collection of all torsion
points, and pii : Ei → P
1(Q) a double cover identifying ±P ∈ Ei. In this article, we will prove that there
exist infinitely many nontrivial pairs (E1, pi1) and (E2, pi2) such that #pi1(E1[∞]) ∩ pi2(E2[∞]) ≥ 22.
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1 Introduction and the statement of main theorem
For i = 1, 2, let Ei be an elliptic curve defined over C, Ei[n] the n-torsion subgroup, E
∗
i [n] ⊆ Ei[n] the
collection of torsion points of order n, Ei[∞] = ∪∞n=1Ei[n] the collection of all torsion points, and pii : Ei →
P1(C) a double cover identifying ±P ∈ Ei. For notational simplicity, we write
I[2] := #pi1(E1[2]) ∩ pi2(E2[2]) and I[∞] := #pi1(E1[∞]) ∩ pi2(E2[∞]).
Bogomolov and Tschinkel observed the following theorem as an immediate corollary of Raynaud’s solution
[7] to the Manin–Mumford conjecture.
Theorem 1.1. [4] For any (E1, pi1) and (E2, pi2) with I[2] 6= 4, we have I[∞] <∞.
Once something is finite, it is always natural to ask whether it can be arbitrarily large.
Conjecture 1.2. [3] There exists a uniform constant C such that for any (E1, pi1) and (E2, pi2) with I[2] 6= 4,
we have I[∞] ≤ C.
The following partial result has recently been proved by DeMarco, Krieger, and Ye using the techniques from
arithmetic dynamics.
Theorem 1.3. [5] There exists a uniform constant C′ such that for any (E1, pi1) and (E2, pi2) with I[2] = 3,
we have I[∞] ≤ C′.
On the other direction, Bogomolov and the author found concrete examples to show that C ≥ 14 and C ≥ 22
in [1] and [2] respectively. In this article, we give the following extension to the previous results.
Theorem 1.4. There exist infinitely many pairs (E1, pi1) and (E2, pi2), all defined over Q, such that I[2] 6= 4
and I[∞] ≥ 22.
Of course, if I[∞] ≥ 22, then #γ(pi1(E1[∞]))∩γ(pi2(E2[∞])) ≥ 22 for any γ ∈ Aut(P1(Q)). We exclude such
trivialities in Theorem 1.4. Finally we remark that this result and its proof, especially the proof of Lemma
2.3, is largely inspired by [6].
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2 Proof of Theorem 1.4
As [1] and [2], we consider the Jacobi quartic curve
Es : y
2 = (x2 − s2)(x2 − 1/s2)
for s ∈ P1(C)\{0,∞,±1,±i}, which is a curve of genus one with a unique singularity at (0 : 1 : 0). Take (s, 0)
to be the identity point, then Es[2] = {(±s±1, 0)} and −(x, y) = (x,−y). Take pi : Es → P1(C), (x, y) 7→ x,
then since pi(P + (±s±1, 0)) = ±pi(P )±1 for any P ∈ Es[2], it is also true any P ∈ Es. Therefore, pi(Es[∞])
is invariant under the maps x 7→ ±x±1 and pi(E∗s [4]) = {0,∞,±1,±i}.
A Weierstrass nonsingular model of Es is
Enss : Y
2 = X(X − 1)
(
X − (s
2 + 1)2
4s2
)
,
where
X =
(s2 + 1)(x− 1/s)
2(x− s) and Y =
(s4 − 1)y
4s(x− s)2 .
Any formulas for Es can be deduced from the corresponding formulas for E
ns
s , which can be found in any
standard textbook. In particular, we can show that
u ∈ pi(E∗s [3])⇔ F3(s, u) := 2u3s2 + (u4 − 1)s− 2u = 0.
For any fixed u ∈ P1(C)\{0,∞,±1,±i} such that u8 + 14u4 + 1 6= 0, F3(s, u) = 0 gives exactly two roots
s1, s2 ∈ P1(C)\{0,∞,±1,±i} such that
pi(Es1 [2]) 6= pi(Es2 [2]) and {0,∞,±1,±i,±u±1} ⊆ pi(Es1 [∞]) ∩ pi(Es2 [∞]).
From now on, we will focus on Es1 and Es2 parameterized by u. First we show that they are isogenous.
Lemma 2.1. Define
ϕ12 : Es1 → Es2
(x, y) 7→
(
(u2 − s21)x2 − (u2s21 − 1)
(u2s21 − 1)x3 − (u2 − s21)x
,
s21(u
4 − 1)2(x2 − u2)(x2 − 1/u2)y
4u2((u2s21 − 1)x3 − (u2 − s21)x)2
)
and
ϕ21 : Es2 → Es1
(x, y) 7→
(
(u2 − s22)x2 − (u2s22 − 1)
(u2s22 − 1)x3 − (u2 − s22)x
,
s22(u
4 − 1)2(x2 − u2)(x2 − 1/u2)y
4u2((u2s22 − 1)x3 − (u2 − s22)x)2
)
.
Then ϕ12 and ϕ21 are 3-isogenies. Moreover, ϕ21 is the dual isogeny of −ϕ12.
Proof. (1) It is clear that
(u2 − s21)s21 − (u2s21 − 1)
(u2s21 − 1)s31 − (u2 − s21)s1
= − 1
u2s1
= s2,
so ϕ12 maps the identity point of Es1 to the identity point of Es2 .
(2) To show that ϕ12 is well-defined, we simplify the first factor as
(u2 − s21)x2 − (u2s21 − 1)
(u2s21 − 1)x3 − (u2 − s21)x
+ s2
=
(u2 − s21)x2 − (u2s21 − 1)
(u2s21 − 1)x3 − (u2 − s21)x
− 1
u2s1
2
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=
(x+ s1)(−(u2s21 − 1)x2 + (u4 − 1)s1x− (u2s21 − 1)u2)
u2s1((u2s21 − 1)x3 − (u2 − s21)x)
=
(x+ s1)
((
(u4−1)s1
2u
)
x2 + (u4 − 1)s1x+
(
(u4−1)s1
2u
)
u2
)
u2s1((u2s21 − 1)x3 − (u2 − s21)x)
=
(x + s1)(u
4 − 1)(x+ u)2
2u3((u2s21 − 1)x3 − (u2 − s21)x)
.
The other three factors can be similarly simplified as
(u2 − s21)x2 − (u2s21 − 1)
(u2s21 − 1)x3 − (u2 − s21)x
− s2 = − (x− s1)(u
4 − 1)(x− u)2
2u3((u2s21 − 1)x3 − (u2 − s21)x)
,
(u2 − s21)x2 − (u2s21 − 1)
(u2s21 − 1)x3 − (u2 − s21)x
+
1
s2
=
s1(s1x+ 1)(u
4 − 1)(ux+ 1)2
2u((u2s21 − 1)x3 − (u2 − s21)x)
,
(u2 − s21)x2 − (u2s21 − 1)
(u2s21 − 1)x3 − (u2 − s21)x
− 1
s2
= − s1(s1x− 1)(u
4 − 1)(ux− 1)2
2u((u2s21 − 1)x3 − (u2 − s21)x)
.
(3) For a general u, End(Es1 )
∼= Z, so ϕ21 ◦ ϕ12 = [3] or [−3], where [n] represents the multiplication-by-n
isogeny. To determine which one is true, we take (1, y) ∈ E∗s1 [4], then
ϕ21 ◦ ϕ12 : (1, y) 7→
(
1,
s21s
2
2(u
2 − 1)8y
16u8(s21 − 1)2(s22 − 1)2
)
= (1, y) = [−3](1, y).
To avoid calculations, we note that if u ∈ R, then the coefficient of y is clearly positive. 
Next we show that it is possible to generate 12 common projective torsion points from just one.
Lemma 2.2. Let P1 ∈ Es1 and P2 ∈ Es2 such that pi(P1) = pi(P2). Then
pi([2]−1(P1 + ϕ21(P2))) = pi([2]
−1(P2 + ϕ12(P1))) (∗)
and
pi([2]−1(P1 − ϕ21(P2))) = pi([2]−1(P2 − ϕ12(P1))).
Proof. For (x1, y1) 6= (x2, y2) ∈ Es, we have
pi((x1, y1) + (x2, y2)) =
s(s2(y1y2 − x21x22 − 1) + (s4 − 1)x1x2 + (x21 + x22))
s2(y1y2 − x21x22 − 1)− (s4 − 1)x1x2 + s4(x21 + x22)
.
For (x, y) ∈ Es, we have
pi([2](x, y)) = − s
2x4 − 2x2 + s2
s(x4 − 2s2x2 + 1) .
Therefore, if [2](x, y) = (x1, y1) + (x2, y2), where (x1, y1) 6= (x2, y2) ∈ Es, then
x2 +
1
x2
=
2(s2(s4 + 1)(y1y2 − x21x22 − 1) + (s4 − 1)2x1x2 + 2s4(x21 + x22))
s2(2s2(y1y2 − x21x22 − 1) + (s4 + 1)(x21 + x22))
=: G(s, (x1, y1), (x2, y2)).
Define
f(s, x) := (u2 − s2)x2 − (u2s2 − 1)
and
g(s, x) :=
s2(u4 − 1)2(x2 − u2)(x2 − 1/u2)
4u2
,
then
ϕ21 : (x, y) 7→
(
− f(s2, x)
x3f(s2, 1/x)
,
g(s2, x)y
x6f(s2, 1/x)2
)
.
3
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Write P1 = (x, y1) and P2 = (x, y2). If P1 = ϕ21(P2), then (∗) follows from the facts
P1 + ϕ21(P2) = [2]P1
and
P2 + ϕ12(P1) = P2 + ϕ12(ϕ21(P2)) = P2 + [−3]P2 = [−2]P2.
If P1 6= ϕ21(P2), then
G(s1, P1, ϕ21(P2)) =
A(s1, s2, x) +B(s1, s2, x)y1y2
C(s1, s2, x) +D(s1, s2, x)y1y2
,
where
A(s1, s2, x) = −2f(s2, x)f(s2, 1/x)x4(s81 + 1)− 2(f(s2, x)2x2 + f(s2, 1/x)2x6)(s61 + s21)
+4(f(s2, x)
2 + f(s2, x)f(s2, 1/x)x
4 + f(s2, 1/x)
2x8)s41,
B(s1, s2, x) = 2g(s2, x)(s
6
1 + s
2
1),
C(s1, s2, x) = (f(s2, x)
2 + f(s2, 1/x)
2x8)(s61 + s
2
1)− 2(f(s2, x)2x2 + f(s2, 1/x)2x6)s41,
D(s1, s2, x) = 2g(s2, x)s
4
1.
To show that G(s1, P1, ϕ21(P2)) = G(s2, P2, ϕ12(P1)), it suffices to show that
M(x) := A(s1, s2, x)D(s2, s1, x) +B(s1, s2, x)C(s2, s1, x)
−A(s2, s1, x)D(s1, s2, x)−B(s2, s1, x)C(s1, s2, x) ≡ 0
and
N(x) := A(s1, s2, x)C(s2, s1, x) +B(s1, s2, x)D(s2, s1, x)y
2
1y
2
2
−A(s2, s1, x)C(s1, s2, x)−B(s2, s1, x)D(s1, s2, x)y21y22 ≡ 0.
Substitute y21y
2
2 with (x
2−s21)(x2−1/s21)(x2−s22)(x2−1/s22), thenM(x) and N(x) are polynomials of degrees
12 and 16 respectively. Since M(x)/x6 and N(x)/x8 are invariant under the maps x 7→ ±x±1, it suffices to
show that M(x) = 0 for x = 0, s1, s2, u and N(x) = 0 for x = 0, s1, s2, u, 1, i.
(1) If x = 0 or s1, we have
M(0) =
s21s
2
2(s
2
1 − s22)(u4 − 1)2(u4s21s22 − 1)((s41 + 1)(s42 + 1)− 4s21s22)
2u2
,
N(0) = −s
2
1s
2
2(s
2
1 − s22)(s21s22 − 1)(16u4(u2s21 − 1)2(u2s22 − 1)2 − s21s22(u4 − 1)4)
4u4
,
M(s1) = −s
2
1s
2
2(s
2
1 − s22)(s41 − 1)2(u2 − s21)(u2s21 − 1)(u4 − 1)2(u4s21s22 − 1)((s41 + 1)(s42 + 1)− 4s21s22)
2u4
,
N(s1) = −2s21(s21 − s22)(s41 − 1)4(s42 − 1)(u2 + s22)(u4s21s22 − 1)((s41s22 − 2s21 + s22)u2 − (s41 − 2s21s22 + 1)).
Since s1 and s2 are the two roots of F3(s, u) = 0, it is easy to deduce that they are all zero. Similarly, we
have M(s2) = N(s2) = 0. Since M(u) = 0 is obvious, we have shown that M(x) ≡ 0.
(2) For the remaining cases, we note that it suffices to prove (∗) for the corresponding P1 and P2. If x = u,
then (∗) follows from the facts
P1 + ϕ21(P2) = P1 = [−2]P1 and P2 + ϕ12(P1) = P2 = [−2]P2.
If x = 1 or i, we take P1 and P2 properly such that
P1 + ϕ21(P2) =
{
(−1/s1, 0), if x = 1,
(1/s1, 0), if x = i,
then (∗) follows from the fact
P2 + ϕ12(P1) = [−3]P2 + ϕ12(P1) = ϕ12(ϕ21(P2)) + ϕ12(P1) = ϕ12(P1 + ϕ21(P2)).
Thus we have shown that N(x) ≡ 0. 
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We remark that we cannot obtain more than 12 common projective torsion points from P1 and P2 because
the operator
1
2
(
1 ϕ21
ϕ12 1
)
:
(
P1
P2
)
7→ 1
2
(
ϕ21(P2) + P1
ϕ12(P1) + P2
)
7→ 1
2
(
ϕ21(P2)− P1
ϕ12(P1)− P2
)
7→
(
P1
P2
)
has order three.
Lemma 2.3. There exist infinitely many u ∈ Q such that there exist P1 ∈ Es1 [∞] and P2 ∈ Es2 [∞] such
that pi(P1) = pi(P2) and
{0,∞,±1,±i,±u±1,±pi(P1)±1, pi([2]−1(P1 ± ϕ21(P2)))} ⊆ pi(Es1 [∞]) ∩ pi(Es2 [∞])
is a collection of 22 distinct common projective torsion points.
Proof. By the standard specialization arguments, it suffices to prove the statement for the field of complex
numbers. Define
H(s, v) :=
∫ v
s
((x2 − s2)(x2 − 1/s2))−1/2dx,
then ωs := 2H(s,−s) and ω′s := 2H(s, 1/s) are the two R-linearly independent periods of Es. Take u ∈ R
such that 0 < u < 1. From the explicit formulas
s1 =
1− u4 −√u8 + 14u4 + 1
4u3
and s2 =
1− u4 +√u8 + 14u4 + 1
4u3
,
we can see that 0 < 1/s2 < u < −s1 < 1. Define
h = (h1, h2) : {(u, v) ∈ R2 : 0 < u < 1, 1/s2 < v < u} → R2,
where
h1(u, v) := H(s1, v)/ωs1 and h2(u, v) := H(s2, v)/ω
′
s2 .
For any fixed u, limv→u h(u, v) = (1/3, 1/3) and
lim
v→u
h2(u, v)− 1/3
h1(u, v)− 1/3
=
√
− (u
2 − s21)(u2 − 1/s21)
(u2 − s22)(u2 − 1/s22)
·
∫ −s1
s1
((x2 − s21)(x2 − 1/s21))−1/2dx∫ 1/s2
s2
(−(x2 − s22)(x2 − 1/s22))−1/2dx
= 2s1s2 ·
√
− (u
2 − s21)(u2 − 1/s21)
(u2 − s22)(u2 − 1/s22)
·
∫ 1
0 ((1− x2)(1− s41x2))−1/2dx∫ s2
2
1 (−(1− x2)(1− x2/s42))−1/2dx
= 2s1s2 ·
√
− (u
2 − s21)(u2 − 1/s21)
(u2 − s22)(u2 − 1/s22)
· K(s
4
1)
K(1− 1/s42)
,
where K is the complete elliptic integral of the first kind. This slope is not a constant function of u because(
2s1s2 ·
√
− (u
2 − s21)(u2 − 1/s21)
(u2 − s22)(u2 − 1/s22)
,
K(s41)
K(1− 1/s42)
)
→
{
(−2√3, 0), as u→ 0,
(−2/√3,∞), as u→ 1.
As a result, the image of h contains a nonempty open subset of R2. In particular, it contains infinitely many
rational points. If h(u, v) is rational, then P1 = (v, y1) ∈ Es1 [∞] and P2 = (v, y2) ∈ Es2 [∞]. If P ∈ Es1 is
corresponding to aωs1 + a
′ω′s1 mod Zωs1 +Zω
′
s1 under the uniformization, then we write P ∼ (a, a′). By the
constructions of ϕ21 and h, we have P1 ∼ (h1(u, v), 0) and ϕ21(P2) ∼ (0, 3h2(u, v)). Since 1/4 < h1 < 1/3
and 1/3 < h2 < 1/2, any two points in
{(1/2, 0), (0, 1/2), (1/2, 1/2), (2/3, 0), (2h1, 0), (h1, 3h2), (h1,−3h2)}
have nonintegral sum and difference. Since pi([2]−1(P )) is determined by pi(P ), the 22 common projective
torsion points listed in the statement are indeed distinct. 
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Finally we remark that if we define h on a larger domain {(u, v) ∈ R2 : 0 < u < 1, 1/s2 < v < −s1}, then
h1
(
1− u
1 + u
,
1− v
1 + v
)
= h2(u, v) and h2
(
1− u
1 + u
,
1− v
1 + v
)
= h1(u, v).
This result is not needed for us, so we omit its proof.
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